Umbral-Algebraic Methods and Asymptotic Properties of Special
  Polynomials by Dattoli, G. et al.
ar
X
iv
:2
00
2.
06
24
5v
1 
 [m
ath
.C
A]
  1
3 F
eb
 20
20
Umbral-Algebraic Methods and Asymptotic Properties of Special Polynomials
G. Dattolia, S. Licciardia,∗, R.M. Pidatellab, E. Sabiaa
aENEA - Frascati Research Center, Via Enrico Fermi 45, 00044, Frascati, Rome, Italy
bDep. of Mathematics and Computer Science, University of Catania, Viale A. Doria 6, 95125, Catania, Italy
Abstract
A new method of algebraic nature is proposed for the study of the asymptotic properties of special polynomials.
The technique we foresee is based on the use of umbral operators, allowing a unified treatment of a large body of
polynomial families, with the use of elementary algebraic tools.
Keywords: operators theory 44A99, 47B99, 47A62; umbral methods 05A40; special functions 33C52, 33C65,
33C99, 33B10, 33B15; Hermite polynomials 33C45; integral transforms 35A22, 44A20.
1. Introduction
The Laguerre polynomials in umbral form are defined as [1, 2, 3]
Ln(x, y) = (y − cˆx)n ϕ0 , (1)
where we have introduced an umbral operator cˆ and a vacuum ϕ0 [4, 5, 6]. Albeit they can be defined on abstract
grounds, we can provide the relevant realization in terms of a differential operator and special functions, as specified
below.
Definition 1. Let ϕ(z) an appropriate chosen function
ϕ (z) := ϕz =
1
Γ (z + 1)
. (2)
We introduce the Umbral operator cˆ as a shift operator
cˆ = e∂z (3)
acting on the space of the functions, called vacuum ϕ0, according to the prescription [5, 7] in the following way
cˆ µϕ0 = e
µ∂z
1
Γ (z + 1)
|z=0=
1
Γ (µ + 1)
. (4)
It is furthermore evident that the umbral operator cˆ satisfies the following properties.
Properties 1. ∀µ, ν ∈ R
cˆ µcˆ ν = cˆ µ+ν , (5)
(cˆ µ)
r
= cˆ rµ . (6)
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Observation 1. By expanding the Newton binomial in eq. (1) and in view of the summarized rules, we find
Ln (x, y) =
n∑
s=0
(
n
s
)
(−1)syn−s cˆs xs ϕ0 =
n∑
s=0
1
s!
(
n
s
)
(−1)syn−sxs (7)
which yields the usual definition [7].
The Umbral image of Bessel functions has been shown to be a Gaussian, namely [5]-[8]
Jn (x) =
(
cˆ
x
2
)n
e−cˆ(
x
2 )
2
ϕ0 =
∞∑
r=0
(−1)r
(
x
2
)n+2r
r! (n + r)!
. (8)
The previous restyling has been profitably exploited to study most of the properties of Laguerre polynomials and
of special functions as well, by using very straightforward algebraic means. We will hereafter show that the same
formalism allows the derivation of the asymptotic properties of Laguerre families using the same elementary tools.
Example 1. To this aim we note that, according to eq. (1), the following identity holds
Ln
(
x
n
, y
)∣∣∣∣∣
n≫1
= yn
(
1 − cˆ x
yn
)n∣∣∣∣∣∣
n≫1
ϕ0 ≃ yne−cˆ
x
y ϕ0 = y
nJ0
(
2
√
x
y
)
, (9)
which is a well known result [9], obtained in a fairly direct way.
A better approximation can be obtained according to the Proposition below.
Proposition 1. ∀x, y ∈ R, ∀n ∈ N : n ≫ 1
Ln
(
x
n
, y
)∣∣∣∣∣
n≫1
≃ ynHC0
− xy ,−
1
2n
(
x
y
)2 (10)
where HCn (x, y) are the Hermite based Bessel function [10]
HCn (x, y) =
∞∑
r=0
Hr (x, y)
r! (n + r)!
. (11)
Proof. We note that (
y − cˆ x
n
)n
ϕ0 = y
nen ln
(
1− cˆx
ny
)
ϕ0 . (12)
By expanding the logarithm up to the second order, we find
Ln
(
x
n
, y
)∣∣∣∣∣
n≫1
≃ yne−cˆ xy −cˆ2 12n
(
x
y
)2
ϕ0 . (13)
The use of the two variable Hermite polynomials [11]
Hn (x, y) = n!
⌊ n
2
⌋∑
r=0
xn−2ryr
(n − 2r)!r! (14)
with generating function [1]
∞∑
n=0
tn
n!
Hn (x, y) = e
xy+yt2 (15)
yields the result
Ln
(
x
n
, y
)∣∣∣∣∣
n≫1
≃ yn
∞∑
r=0
cˆ r
r!
Hr
− xy ,−
1
2n
(
x
y
)2ϕ0 = ynHC0
− xy ,−
1
2n
(
x
y
)2 . (16)
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The level of approximation provided by Eq. (10) is significantly better than its conventional counterpart given in
Eq. (9). We have numerically checked the advantages of the new approximation and we have summarized an example
in Tab. 1 for x = y = 1 and n = 10.
Table 1: Level of approximation
Reference value Approximation Relative error
Exact value 0.2058543 −
Eq. (9) 0.2238908 8.7 · 10−2
Eq. (10) 0.2062915 2.1 · 10−3
In the following we will derive even better results and further comment on this aspect of the problem in the con-
cluding section.
We have so far fixed the formalism we will follow in the forthcoming parts of the paper, in which we will deal
with the large index polynomial expansion of different families of polynomials.
2. Associated Laguerre and Higher Order Hermite Polynomials
The main result of the previous section is provided by Eq. (10) which can be further improved.
Remark 1. For the sake of consistency we note that the fact that we have considered the expansion at the second
order in the argument of the logarithm allows to expand the exponential, in such a way that
Ln
(
x
n
, y
)∣∣∣∣∣
n≫1
≃ yne−cˆ xy −cˆ2 12n
(
x
y
)2
ϕ0 ≃ yn
1 − 12n
(
x
y
)2
cˆ 2
 e−cˆ xy ϕ0 (17)
which, on account of the previous identities, yields
Ln
(
x
n
, y
)∣∣∣∣∣
n≫1
≃ yn
(
J0
(
2
√
x
y
)
− 1
2n
(
x
y
)
J2
(
2
√
x
y
))
, (18)
providing the same order of accuracy of the previous expression involving an Hermite based Bessel.
As already stressed, we can obtain even better approximations if we further expand the logarithm in Eq. (12) thus
finding, e.g., an other representation for Eq. (9) as it shown below.
Corollary 1. ∀x, y ∈ R, ∀n ∈ N : n ≫ 1
Ln
(
x
n
, y
)∣∣∣∣∣
n≫1
≃ ynHC0
(
−
{
1
s ns−1
(
x
y
)s}m
s=1
)
. (19)
Proof. Let
Ln
(
x
n
, y
)∣∣∣∣∣
n≫1
≃ yne−
∑m
s=1
cˆ s
s ns−1
(
x
y
)s
ϕ0 . (20)
The use of the m-variable Hermite polynomials, defined as
H(m)n
(
{x}m1
)
= n!
⌊ n
m
⌋∑
r=0
xrmH
(m−1)
n−mr
(
{x}m−11
)
(n − mr)!r! , {x}
m
1 = x1, x2, ..., xm , (21)
with generating function [10]
3
∞∑
n=0
tn
n!
H(m)n
(
{x}m1
)
= e
∑m
s=1 xst
s
, (22)
provides the Eq. (19)
To give an idea of the level of approximation we note that, for n = 5, x = y = 1, we have Tab. 2
Table 2: Level of approximation
Reference value Approximation Relative error
Exact value 0.1869973 −
Eq. (9) 0.2238908 1.9 · 10−1
Eqs. (10), (18) 0.1887772 9.5 · 10−3
Eq. (19), m = 6 0.1870019 2.5 · 10−5
while, in Tab. 3, we have levels of approximation for n = 3, y = 3, x = 1 which yields, even for a not large index,
quite a good approximation.
Table 3: Level of approximation
Reference value Approximation Relative error
Exact value 18.4938272 −
Eq. (9) 18.7227933 1.2 · 10−2
Eqs. (10), (18) 18.4996194 3.1 · 10−4
Eq. (19), m = 5 0.184938301 1.6 · 10−7
Within the context of the umbral formalism, the Associated Laguerre polynomials [1] are expressed as
L(α)n (x, y) =
Γ (n + α + 1)
n!
cˆα (y − cˆx)n ϕ0 . (23)
We obtain therefore the further Corollary 2.
Corollary 2. ∀x, y, α ∈ R, ∀n ∈ N : n ≫ 1
n!
Γ (n + α + 1)
L(α)n (x, y)
∣∣∣∣∣
n≫1
≃ yncˆαe−
∑m
s=1
cˆ s
s ns−1
(
x
y
)s
ϕ0 = y
n
HCα
(
−
{
1
sns−1
(
x
y
)s}m
s=1
)
(24)
which at the lowest order (m = 1) yields the well-known expression
n!
Γ (n + α + 1)
L(α)n (x, y)
∣∣∣∣∣
n≫1
≃ ynCα
(
x
y
)
= yn
(
2
x
y
)α
Jα
(
2
√
x
y
)
. (25)
In this section we have derived, as unexpected feature, the link between large index Laguerre, higher order Hermite
and non-standard multivariable Bessel functions. In the forthcoming section we will show how, the umbral formalism
we have sketched so far allows a strictly analogous treatment for the Hermite polynomial theory and provides a closely
similar procedures for the derivation of the relevant large index expansion.
4
3. Large Index Expansion of Hermite Polynomials
In the following we will use the two variable Hermite introduced in Eq. (14) and note that they satisfy the scaling
relation [1]
anHn (x, y) = Hn
(
ax, a2y
)
. (26)
It is accordingly evident that
y
n
2
nn
Hn
(
nx√
y
, 1
)
= Hn
(
x,
y
n2
)
. (27)
The umbral form of Hermite polynomials is provided by [12, 5]1
Hn (x, y) =
(
x + hˆy
)n
φ0 , (28)
where the umbral operator hˆ acts on the vacuum φ0 providing
hˆ ryφ0 =
y
r
2 r!
Γ
(
r
2
+ 1
)
∣∣∣∣∣cos
(
r
pi
2
)∣∣∣∣∣ . (29)
It is worth noting that [5]
ehˆyzφ0 =
∞∑
r=0
(
hˆyz
)r
r!
φ0 = e
yz2 . (30)
It is now fairly natural to follow the same steps leading to the Laguerre asymptotic forms.
Proposition 2. We set, ∀x, y ∈ R, ∀n ∈ N : n ≫ 1
Hn
(
x,
y
n2
)∣∣∣∣∣
n≫1
= xn
1 + hˆy
xn

n
∣∣∣∣∣∣∣
n≫1
φ0 ≃ xne
hˆy
x φ0 = x
ne
y
x2 . (31)
The expansion at the second order yields
Hn
(
x,
y
n2
)∣∣∣∣∣
n≫1
≃ xne
hˆy
x
hˆ 2y
2x2n φ0 = x
n
∞∑
r=0
1
r!
H2r
( √
y
x
,− y
2nx2
)
. (32)
The approximation given by Eq. (32) is easily checked to be significantly better than the corresponding lower
order case, as seen from the numerical examples reported in Tab. 4 for x = 1, y = 3, n = 70.
The inclusion of higher order corrections follows the same steps as in the case of Laguerre polynomials and in-
deed, for x = y = 3, we find for example Tab. 5.
In this section we have shown that the umbral technique offers a very efficient tool for the evaluation of the asymp-
totic series for Hermite polynomials in complete analogy with the Laguerre case.
The forthcoming section is devoted to further examples involving mixed polynomial families.
1The vacuum and the umbral operator are in this case defined as
hˆy = e
√
y∂ξ , φ0 =
Γ (ξ + 1)
Γ
(
ξ
2
+ 1
)
∣∣∣∣∣cos
(
ξ
pi
2
)∣∣∣∣∣ .
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Table 4: Level of approximation
Reference value Approximation Relative error
Exact value 15.465 −
Eq. (31) 20.086 2.3 · 10−1
Eq. (32) 15.211 1.6 · 10−2
Table 5: Level of approximation
Reference value Approximation Relative error
Exact value 7.84727363·104 −
Eq. (31) 7.81475219·104 4.1 · 10−3
Eq. (32), m = 3 7.85216889·104 6.2 · 10−4
Eq. (32), m = 4 7.84655402·104 9.1 · 10−5
4. Final Examples and Concluding Comments
The second order expansion in Eq. (32) is amenable for a simplification yielding the second order asymptotic
expansion in terms of a Gauss function.
We remind indeed the generating function involving even index of Hermite polynomials [13]
∞∑
n=0
tn
n!
H2n (x, y) =
1√
1 − 4yt
e
tx2
1−4yt (33)
which yields for Eq. (32) the following identity
Hn
(
x,
y
n2
)∣∣∣∣∣
n≫1
≃
√
nxn+1√
nx2 + 2y
e
ny
nx2+2y . (34)
We close this note by adding a few comments to the extension of the method to other family of polynomials as
for example the hybrid Laguerre-Hermite (h-LH), which have been exploited in the past to deal with the so called
Motzkin numbers and with their generalization [14].
The h-LH are polynomials in between Laguerre and Hermite, hence the name, they are indeed defined as
HLn (x, y) = n!
⌊ n
2
⌋∑
r=0
xn−2ryr
(n − 2r)!r! = Hn (x, cˆy) ϕ0 =
(
x +
√
cˆ hˆy
)n
φ0 ϕ0 , (35)
where the operators cˆ, hˆ act separately on the vacua φ0, ϕ0 respectively.
The use of the same procedure as before yields the equation below.
Proposition 3. ∀x, y ∈ R, ∀n ∈ N : n ≫ 1
HLn
(
x,
y
n2
)∣∣∣∣∣
n≫1
≃ xne
√
cˆhˆy
x φ0ϕ0 = x
ne
cˆ
y
x2 ϕ0 = x
nI0
(
2
√
y
x
)
, (36)
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where
I0 (x) =
∞∑
r=0
(
x
2
)n+2r
r! (n + r)!
(37)
is the 0-order modified Bessel function of the first kind.
Corollary 3. The higher order approximation leads to expressions umbrally equivalent to those derived in the previ-
ous sections thus finding, e.g.,
HLn
(
x,
y
n2
)∣∣∣∣∣
n≫1
≃ xne
√
cˆhˆy
x
− cˆhˆ
2
y
2x2n φ0 = x
n
∞∑
r=0
yr
(r!)2
H2r
(
1
x
,− 1
2nx2
)
. (38)
This note has provided a description of a use of umbral/operational methods to define a strategy for the study of
the asymptotic properties of special polynomials.
In a future investigation we will extend the procedure to the case of special functions.
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